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Abstract

Rank-based estimates are asymptotically efficient when optimal
scores are used. This paper describes a method for estimating the
optimal score function based on residuals from an initial fit. The re-

sulting adaptive estimate is shown to be asymptotically efficient.
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1 Introduction

Consider the linear model
yi=o + i +e, i=1,...,n, (1)

where e1,...,e, are independent random variables with distribution func-
tion F and density f, z} is the ith row of a known n X p matrix of centered
explanatory variables X, o is an intercept parameter, and f* is a p x 1

vector of slope parameters. Consider the estimate which minimizes

_Xn: a(R(yi — =38)) (yi — 7if) , (2)
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where R(y; —x’;3) is the rank of y; — z;8 among y1 — 13, ..., yp — 23,3, and
a(l) < --- < a(n) is a nondecreasing set of scores. If the scores are chosen

so that
f'(F1(5/(n+1))
FEFEG/(n+1) 7

then the resulting estimate BF is asymptotically efficient.

a(j) = ¢r(i/(n+1)) = -

In practice, the data analyst only has approximate knowledge of . In
this case, a preliminary analysis of residuals from an initial fit may provide
information as to an appropriate choice of score function (see for example
McKean and Sievers (1989), Kapenga and McKean (1989), and McKean,
Vidmar and Sievers (1989)). Another approach would be to estimate the
scores themselves. An asymptotically efficient estimate of location was pro-
posed by van Eeden (1970), by estimating ¢ from a subset of the data.
Dionne (1981) developed efficient estimates of linear model parameters, also
by estimating the scores based on a small subset of the data. Beran (1974)
introduced asymptotically efficient estimates in the one and two-sample situ-
ations, using the whole sample in estimating ¢ . This paper follows Beran’s
(1974) approach in score function estimation. An initial estimate /3 yields
preliminary residuals €1, ..., é,, which are used to construct estimates @(¢)

of ¢(t), which are then used to compute the adaptive rank estimate (g.

2 Estimation of ¢fr

Consider the Fourier expansion

o0
SOF(t) — Z Ck€2mkt, (3)
k=1
where
1 )
ck :/ or(t)e 2Tk gy, (4)
0



Express c; as a more general functional

109) = [ orot) di= [ [LoFe)|are), 6

XL

where ¢(t) = e~ in the case of ( 4). Note that the second expression
for T'(¢) depends on f only through the cdf F. If we had a random sample
Zi,...,Zy from the cdf F, then ( 5) suggests the estimator

: i [¢ (Fn(ZZ + en)) - ¢(Fn(Zz - 971))] 3

() =55
n =1

where F(t) = (1/n) >, 1(Z; < t) and 6, — 0 at an appropriate rate.
Beran (1974) used T'Z(¢) for estimating scores in the two-sample problem.
In the absence of a random sample from F', we rely on the residuals from

an initial fit, yielding the estimate

1 - %A (A
To(@) = 5= 2 ¢ (Fr (& + 0n)) — 6 (i (& — 6n))]
Mn =1
where F)¥ is the empirical cdf based on é1,---,é,. From ( 3) and ( 4), we

can construct score estimates
My,
~ ~  2mikt
Grt) =) Ge™ ", (6)
|k|=1

where &, = Ty, (e 2™*") and M,, — oo at an appropriate rate.

Theorem 1 at the end of this section shows that the proposed scores
are consistent. Without loss of generality, in the rest of the paper we will
assume that f* =0 and o* =0 in ( 1) so that y1,...,y, are i.i.d. F.

Let || - || denote the Euclidean norm.

Lemma 1 Assume that X and F satisfy the following:

(A1) maxi<icn || i || /v/n = o(1).
(A2) (1/n) 0y || = [IP= O(1).



(A3) f is uniformly continuous and bounded with finite Fisher information,

[ exists, and f'/f is monotone.
Then

- [(1/v/n) Xi:I(yi—wéﬁ < w)—(1/v/n) Zi:I(yi < w)—vn BTf(w)| = 0p(1).
The proof may be found in Koul (1992, Sec. 2.3). Now let Fx(t) =

(1/n) X% I(é; < t) , where {¢; = y; — z3} are residuals from an initial

estimate . The next result says that F is consistent if B is tight.

Lemma 2 Let (A1), (A2), (A3) hold. In addition assume

(A4) V7B = 0,(1).
Then

Proof. Note that

sup [V(F; (w) = F(w)
< sup|(1/vi) Yo Ty — 238 < w) - (1/v) Y1y < w) — Vi B3/ (w)
+sup [Val(L/n) 1) < w) = F(w)]| +sup|v F5f (w)] .

The first sup term on the right side is o,(1) by Lemma 1. The second term
is Op(1) by standard asymptotic distribution results on the empirical cdf

(see e.g. Serfling, 1980, Sec. 2.1.5). The last term is O,(1), by (A2)-(A3).

Lemma 3 Assume that ¢ and F satisfy the following conditions:

(A4) &', ¢", and ¢" are bounded,

(A5) [ |¢"(F(w))|dF (w) < oo,

(A6) ¢'(F), (¢(F))'F~L are uniformly continuous with bounded first deriva-
tive.

Then, for any sequence of constants M,, — oo, 8, — 0 such that



(A7) My/(6nv/n) = 0, Mnb; — 0,
it follows that

Proof. Write the left side of ( 7) as

Mn(Tn(¢) - T(¢)) = Mn(Tn(¢) - Tnl) + Mn(Tnl - T(¢)) ) (8)
where
T = g D016 (P& +0)) = 8 (F(&; = 6,)]

7j=1
We will show that both terms on the right side of ( 8) are o,(1). Expanding

¢(F}) about ¢(F) and using Lemma 2 and M, /(6,+/n) — 0, we have

Mu(Ta(@) = Tu) = (M0/20,) [ [F(w+0.) = Fw+ 0] ¢' (F(w+6,)) dF; (w)
~(Mo/28,) [ 1F(w = 6) = F(w = 8] ¢' (F(w — 60) dF; (w)
(M, /46,) [ 1F;(w+0,) = Flw + 0.1 ¢ (610(w)) dF; (w)
~ (Mo /46,) [ [Fi(w = 63) = Plw — 6)]" ¢" (€a(w)) dF; (w)

= o),

where &1, (w) is between F*(w +6,,) and F(w + 6,,) and &, (w) is between

F*(w — 6,) and F(w — 6,). Now

Mo(Tay = T()) = (Mn/260) [ [ (F(w+ 60) = 6 (Flw = 60)] dF; (w)

~M, [($(F)) (w)dF(w)



= My | [P @dF; ) - [G(F) @dF ()] +o0p(1)
— My | [E)EFE ) - [(GE)E )] + o)

Now |F(F;~(t)) — t| = |Fy(F;~H(t) — t — Fp(F~1(1) + F(F; ' (#))] <
1/n + Op(1/4/n) = Op(1/4/n). Expanding (¢(F)) (F~'FF;~1(t)) about
(¢(F))' (F~L(t)), we have My, (T,,1 —T(¢)) = 0,(1), which proves the lemma.

The following theorem states consistency of ¢ defined in ( 6).
Theorem 1 Under assumptions (A1)-(A7),

sup |pp(t) — @r(t)| - 0.

o<t<1
Proof: Write
M, . o .
Supgs<1|[Pr(t) — er(t)] = supgcscr| Y &y e2mikt _ 3 o2kt
|k|=1 |k|=1
M, o
< Z|5k—ck\+ Z ek | -
|k[=1 k|=My+1

From Lemma 3, ¢ — ¢ = T}, (GQWik') -T (62”““') = Op(l/Mn) uniform]y

miks — cos(2mks) 4 i sin(2mks) satisfies Assumptions

in k, since ¢(s) = e
(A4)-(A6) of Lemma 3 for all k. By absolute convergence of the Fourier
series, we have > 701/ o q [ck| = o(1). The result follows.

Note that when F is continuous and ¢(-) = e~ 2™** then assumptions
(A4)-(A6) are satisfied. Assumption (A7) is satisfied by, say, M, = [n!/°]

and 6, = 6/n'/5, for some 6 > 0.

3 Estimation

Let T(8) = (1/v/n) %1 i or (R(yi — '8)/(n + 1)). Let T(B) denote the
same expression with ¢ replaced by ¢r. At the true value 8* = 0, we have

the following normality result.



Theorem 2 Under assumptions (A1)-(A7),
T(0) ~ AN(0,%),
where ¥ = limy, 00 (1/n)X'X.

Proof: We will show that T(0) —T'(0) -2 0. The result will then follow from
asymptotic normality of T'(0) (see Heiler and Willers, 1988). It is enough to
show that T'(0) — T'(0) -2 0 elementwise, hence without loss of generality

we may assume in this proof that T' is scalar. Let R; denote the rank of y;

among Y1y, yYn-
- Rj
10 -10) = 2 3 [5 () - (73]
Z Lj l z & — cx) exp(2mik n]—%I-J 1) - i Cx eXp(27riknlj_j 1)
‘k| 1 |k‘:Mn+1
= Z( Cr — k) ng exp(2mik )— Z Ck ij exp(2mik )
‘k| 1 \/_ n -+ 1 |k\ a1 \/_ "+ 1
— Al + A2 )

say. Since & — ¢x = o0p(1/M,) by Lemma 3, it suffices to show that
ﬁ =1 Tj exp(27rik%) = Op(1) uniformly in k£ in order to prove that
A4, 0. By Chebyshev’s inequality, it will suffice to show that

2
(\/_ZCEJ exp( 27rzk R, 1)) = 0(1), (9)

uniformly in k. Expanding the square, the left side of ( 9) may be written

as

£ (0 53 cptric ) 4 0/ £ s e £ )
j=1 J#l *
n

=(1/n)d a3 [E exp(47rz'kn

=1

R; R;+ R
—I—Jl)]+(1/n Zgwﬂ:l [E exp(2mik—~ w1 l)]



=01 (1/n) Za: + 624 (1/n) ZZ:CJQ:l

J#l
)) and 82 = E(exp(2mik jlill)) are bounded

where 6 = E(exp(47rzkn+1
constants for all k. By Assumption (A2), (1/n) X7, z7 = O(1). Tt remains
to show that (1/n)3° 3", 27 = O(1). This follows from the identity
0 = (1/n)(XTfoy2i)? = (1/n) Xh_, 25 + (1/n) X X4 2 which implies
that [(1/n) 33,4 %jm| = |(1/n) =1 w§| = O(1). Hence ( 9) is proved,
which proves that 4; — 0. Now, to show Ay — 0, we will show that

> R;
E[A| < E ) |Ck||\/—ZIJeXP27”k 1)|

|k|=Mp+1
971/2
e R;
< Z | ck | E(\/_ijexp 27r7,k 1))
k|=My+1 j=1
— 0,

by absolute convergence of the Fourier series and ( 9). This proves Theorem

2.

Theorem 3 Under assumptions (A1)-(A7), we have for € >0 and B > 0,

lim P( sup ||T(A)—T0)+7 ' ' X'X)A||>¢) — 0, (10)
nTee ja<B

where 71 = fol 0% (u) du.
Proof:

P(HlelgB I T(A)=TO)+7 ("' X' X)A [[> €)
< P(HETEB | T(A) —T0) + 77 (n ' X' X)A |> ¢/3)

+( e, | T(A) = T(A) |[> ¢/3) + P(| T(0) = T(0) > ¢/3) -



The first term on the right side goes to 0 by the standard linearity result
for the rank test statistic (Heiler and Willers, 1988). From the proof of
Theorem 2, we have P(| T(0) — T(0) ||> ¢/3) — 0. Using a contiguity
argument as in Heiler and Willers (1988), it can be shown that P(supjja <5 ||
T(A) —T(A) ||> €/3) = 0, which proves the theorem.

Finally, we define the adaptive estimate as
Pr =P+ V(X' X)"'T(B) (11)

where 3 is the initial estimator. The following theorem shows that BR is

asymptotically efficient.
Theorem 4 Under assumptions (A1)-(A7),

Vn Br ~ AN (o, 722*1) .
Proof: We have from ( 11) and ( 10) that

Vi br = VaB+Tn(X'X)THT(0) - 7T A(XIX)B + 0p(1)]

7(n X' X) 71T (0) + 0,(1)-

The result follows from Theorem 2.

4 Summary

We have proposed an asymptotically efficient adaptive rank estimator BR
that estimates the optimal score function from the residuals of an initial
estimate. The primary conditions on the error density f are uniform conti-
nuity and finite Fisher information, so B r is asymptotically efficient over a
large class of distributions.

The construction of B r as a one-step estimator is necessary because the

estimated scores @p(t) are not monotone. The development of monotone



score estimates would allow a Jaeckel-type estimate that minimizes a rank
dispersion function with estimated scores. This is a problem under current

investigation.
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