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Abstract

A weighted rank estimate is proposed which has 50% breakdown and is
asymptotically normal at rate /n. Based on this theory, inferential procedures,
including asymptotic confidence and tests, and diagnostic procedures, such as
Studentized residuals, are developed. The influence function of the estimate
is derived and it is shown to be continuous and bounded everywhere in (x,Y)
space. Examples show that robustness against outlying high-leverage clusters
may approach that of the LMS, while retaining more stability against inliers.
The estimator uses weights that correct for both factor and response spaces. A
Monte Carlo study shows that the estimate is more efficient than GR, a similar
estimate where the weights only correct for factor space. When weights are

constant, the estimate reduces to the regular Wilcoxon rank estimate.

KEY WORDS: Rank regression; Weights; GR-estimate; LMS; 50% breakdown;
Inlier stability.

1 Introduction

Rank-based estimates of the regression coefficients of a linear model were proposed by
Jureckova (1971) and Jaeckel (1972). These estimates based on the Wilcoxon scores gen-

eralize the Wilcoxon-Mann-Whitney tests and estimates for simple location problems. In



particular, they have the same efficiency properties that the nonparametric procedures
have in the simple location problems. For example, if the errors of the linear model have
a normal distribution, these Wilcoxon regression estimates have asymptotic relative ef-
ficiency .955 relative to least squares estimates. Further, this relative efficiency is much
higher for long tailed error distributions. See Hettmansperger, McKean and Sheather
(1997) for a recent review article on these Wilcoxon estimates and inference procedures
based on them.

The Wilcoxon regression estimates have bounded influence in the Y-space but un-
bounded influence in the x-space. Hence the breakdown of the Wilcoxon estimate is 1/n.
The Wilcoxon estimates, though, can easily be generalized to classes of weighted estimates.
Sievers (1983) and Naranjo and Hettmansperger (1994) extended the Wilcoxon estimates
to a class of weighted estimates with weights based on the x’s. We shall call these GR
estimates. These estimates have bounded influence in both the Y and x spaces and while
they have positive breakdown they do not achieve 50% breakdown. The breakdown point
of GR estimates is less than 33% and decreases with the number of explanatory variables
(Naranjo and Hettmansperger, 1994).

In this paper, we propose weighted Wilcoxon estimates where the weights are a function
of both x and the residuals from an initial fit. As we show in Section 4, these estimates
achieve 50% breakdown provided the initial estimates have 50% breakdown. Further, since
the weights are a function of both x and the residuals, they will be more efficient than the
GR estimates. This is demonstrated in a Monte Carlo study presented in Section 8. We
call these estimates high breakdown R estimates (HBR). As with the Wilcoxon and GR
estimates, the HBR estimates converge at rate 1/n; hence, as discussed in Section 5, they
can be used to establish an inference on the regression coefficients, including asymptotic
confidence intervals and tests. This theory is used in Section 5 to develop Studentized
residuals similar to those proposed by McKean, Sheather and Hettmansperger (1990, 1993)
for robust fits of linear models.

Our weighted Wilcoxon estimates are based on Wilcoxon regression scores, hence we
do not need to assume symmetry of the error density. Other rank-based estimates of re-
gression are based on signed-rank regression scores, which require symmetry in order to
obtain asymptotic results. See, also, Hettmansperger and McKean (1983) for a discussion
of the distinction between these scores. Tableman (1990) proposed a k-step bounded influ-

ence estimate based on signed-rank scores and Hdossjer (1994) proposed a high breakdown



estimate based on signed-rank scores.

In Section 6, we derive the influence function (IF) of the HBR estimate. The IF turns
out to be a continuous and bounded function in both the x and Y spaces, and tapers to 0 as
(x,Y) get large in any direction. The influence function facilitates comparison of the HBR
estimate with other high breakdown estimates; see Croux, Rousseeuw and Hossjer (1994)
for discussion of the influence functions for other high breakdown estimates. In contrast
to many high breakdown estimates, including least median squares and generalized S
estimators, the influence function of the HBR estimate is bounded everywhere. This helps
explain its stability to inliers as discussed below.

As with the Wilcoxon estimates, the GR and HBR estimates are obtained by minimiz-
ing a convex function. Unlike the k-step GM estimates proposed by Simpson, Ruppert
and Carroll (1992) and Coakley and Hettmansperger (1993), the GR and HBR estimates
are fully iterated estimates. Hence, for them determination of the number of steps is void.
For high breakdown, the expensive computing step is in computing the initial estimates
used by the weights. Once the weights are obtained, simple Gauss-Newton type algorithms
are all that are necessary to perform the minimization (see e.g. Kapenga, McKean and
Vidmar, 1988).

High breakdown regression estimates often have problems detecting and fitting cur-
vature; see Cook, Hawkins and Weisberg (1992), McKean, Sheather and Hettmansperger
(1993), and Naranjo et al. (1994). In Section 3, we present two examples which illustrate
this curvature problem. Recently, McKean, Naranjo and Sheather (1996a) proposed diag-
nostics which are helpful for investigating the discrepancies between a highly efficient and
a high breakdown estimate. These diagnostics can also be based on the HBR estimates.
Another problem of concern is the instability of some high breakdown estimates to slight
changes to centrally located data; i.e., inliers. This was discussed for the least median
of squares (LMS) estimate by Hettmansperger and Sheather (1992, 1993) and Sheather,
McKean and Hettmansperger (1997). Due to their availability, the LMS estimates are
convenient to use as initial estimates for the HBR weights. An alternative for initial esti-
mates are least trimmed squares (LTS) estimates. In Section 7 we present the results of
a stability study for the weighted Wilcoxon estimates. The HBR estimates appear to be
much more stable than either the LMS or the LTS estimates which were used as initial
estimates.

These weighted Wilcoxon estimates provide the user with a wide spectrum of estimates,



from the highly efficient Wilcoxon estimates (weights equal to one) to the 50% breakdown
HBR estimates. As discussed by McKean, Naranjo and Sheather (1996b), these allow

exploratory procedures for determining optimal fitting methods.

2 High Breakdown, Ranked-Based Estimate

Consider the linear regression model y; = a + 8 +¢€;, i = 1,...,n where z} is the
ith row of a known n X p matrix of centered explanatory variables X, and €3,...,€, are
independent random variables with density f. Consider estimating 8 by minimizing the

convex function

D(B) =D bijlei — ¢ (2.1)

i<j
where e; = y; — xj8 and b;; is a weight function. The dispersion function ( 2.1) was
originally proposed by Sievers(1983). Note that D(3) is free of the intercept o which may
be estimated later from the residuals.
When b;; =1, ( 2.1) reduces to Jaeckel’s (1972) rank dispersion function for Wilcoxon

scores

DB) = lei—ejl =2 [R(e:)) — (n+1)/2]es (2.2)
1

i<j i=

where R(e;) is the rank of e; among e; ---e,. Let BW denote the estimate obtained by

minimizing ( 2.2). This is an R estimate based on a linear score function and is often

referred to as the Wilcoxon estimate; hence, we have used the subscript W in denoting

this estimate. Under regularity conditions (see Heiler and Willers, 1988), it can be shown
that

By is asymptotically distributed as N(3, 72 (X'X)71), (2.3)

where 7 is the scale parameter defined by
oo
VT / P(z)ds . (2.4)

The Wilcoxon estimate is a highly efficient estimate having asymptotic relative efficiency of
.955 with respect to the least squares estimate when the errors have a normal distribution
and generally having much higher efficiency than least squares for error distributions with
longer tails than the normal. The estimate BW, however, has breakdown 1/n because of
its sensitivity to outliers in the X-space. One way of obtaining an estimate with positive

breakdown is by a proper choice of the weights.



Now let ¢(t) = 1, t, or —1 accordingast > 1, -1 <t < 1,ort < —1. Let
m; = P[b/(x; — i)' S~ (x; — )] for some constant b, where fi and S are robust estimates

of location and covariance of x; see the discussion in Section 3. Finally, let
C M3

bij = N = =
v l (ei(Bo)/)(ej(By) /o)

where ﬁo is an initial estimate, e; (,30) is the ¢th residual of the initial estimate, and c is a

| -

tuning constant. The estimator of error standard deviation ¢ used to scale the residuals

in (1 2.5) is given by
MAD = 1.483 med;|e;(8,) — med;{e;(Bo)}|-

The estimator which minimizes ( 2.1) with weights given by ( 2.5) will be called the HBR
estimate (for high breakdown rank estimate). When the weights are allowed to depend
on the X-matrix only, the resulting estimator is the generalized rank (GR) estimator dis-
cussed by Naranjo and Hettmansperger (1994). The GR estimator has limited breakdown.
Depending on the weights chosen, the breakdown is approximately 29% for p = 1, decreas-
ing to approximately 16% for p = 4 (McKean et al., 1996). In any case, the GR breakdown
cannot exceed 33%. In the next section, we show that the HBR estimate can have break-
down as high as 50%, depending on whether the estimates used for the weights have 50%
breakdown. First we note the equivariance properties of the estimate. For a definition of

the following equivariance terms, see, for example, Rousseeuw and Leroy (1987).

Proposition 1 The HBR estimate is regression equivariant, scale equivariant, and affine
equivariant provided the initial estimate employed by the weights are also regression, scale,

and affine equivariant.

Proof: We need to show that (i) Bugr(Y + X0) = Bupr(Y) + 0, for all §, (i)
Bupr(aY) = aBypr(Y) for all a > 0, and (iii) Bypr(Y,AX) = A7 Bypr(Y, X),
for any nonsingular matrix A. It can be shown that the weights ( 2.5) do not change
under any of the above transformations on Y and X. The results follow immediately

from the fact that we are minimizing )" b;;|e; — €;]-

3 Examples

High breakdown estimates and highly efficient estimates often give conflicting results. The

high breakdown estimates are less sensitive to outliers and clusters of outliers in the x-



space; hence, for data sets where this is a problem the high breakdown estimate often
gives a better fit than the highly efficient fit. On the other hand, Cook, Hawkins and
Weisberg (1992), McKean et al. (1993, 1994), and Naranjo et al. (1994), showed that high
breakdown estimates may be hampered in fitting and detecting curvature, and that this
is not true of the highly efficient estimates. We chose two examples which illustrate these
disagreements between the high breakdown HBR fit and the highly efficient Wilcoxon fit.

For the GR estimates in this section and Sections 7 and 8.3, we used the Mallows

type weighting scheme b;; = w;w;, where

. b k/2
e {1’ s } | &y

The terms 1 and S are the minimum volume ellipsoid (MVE) measures of location and

scatter (Rousseeuw and van Zomeren, 1990), computed using the algorithm proposed by
Simonoff and Hawkins (1993). The cutoff point b was set at the 95th percentile of x2(p),
and the parameter k£ was set at 2. Note that the severity of downweighting increases with
k, with £ = 0 corresponding to the Wilcoxon R-estimator.

For the HBR estimates, the weights ( 2.5) were computed using LMS as the initial
estimate 3,, computed using the algorithm written by Stromberg (1993). The Mallows
tuning constant b was set at the 95th percentile of x?(p). The tuning constant ¢ was set
at [Med{a;} + 3 MAD{a;}]? where a; = e;(8,)/(¢ m;) and & = MAD{e;(8,)}.

The Wilcoxon R-estimate was computed using the algorithm discussed in Kapenga
et al. (1988). Similar Gauss-Newton type algorithms were used to obtain the weighted
R-estimates.

Example 1: Stars Data. The variables measured are log-temperature, x, and log-
light intensity of 47 stars; see Rousseeuw and Leroy (1987). Figure 1, Panel 1, shows a
scatter plot of the data, overlaid by the Wilcoxon, HBR, and LMS fits. The values of the
estimates are displayed in Table 1. There is strong disagreement between the Wilcoxon
and HBR fits. A close look at the plot reveals the source of disagreement as the 4 outlying
points in the upper left corner of the plot. These are outliers in the x-space and they
draw the Wilcoxon fit towards them. On the other hand, the HBR estimate is much
less sensitive to these outliers and it fits the bulk of the data, as the LMS fit does also.
Subject matter reveals that these 4 outlying stars are giant stars much larger than the
other stars. Hence, the HBR fits the main group of stars and ignores these giant stars,

while the Wilcoxon fit is quite sensitive to the giant stars. The remaining panels of Figure



Table 1: Estimates of Coefficients for the Examples

Stars Data Quadratic Data
Fit Intercept Slope || Intercept Linear Quadratic
Wilcoxon 7.20 -.477 -.665 5.95 -.652
HBR -6.91 2.71 .422 4.64 -.375
LMS -12.8 4.00 1.12 3.65 -.141

1 display the residual plots based on these fits. Note that the 4 giant stars are apparent as
outliers in the HBR fit. The Wilcoxon residual plot shows a quadratic-like pattern. Due
to subject matter, the HBR fit is correct here; however, if subject matter was not available
then an argument could be made that the Wilcoxon linear fit detected a quadratic pattern
in the data whereas the HBR fit did not. This leads to our second example.

Example 2: Quadratic Data. In order to demonstrate the problems that the high
breakdown estimates have in fitting curvature, we simulated data from the following
quadratic model:

Y; = 5.5|z;| — 622 +e; , (3.2)

where the e;’s were simulated iid N (0, 1) variates and the x;’s were simulated contaminated
normal variates with the contamination proportion set at .25 and the ratio of the variance
of the contaminated part to the non-contaminated part set at 16, (although, we actually
modeled |z;]). The first panel of Figure 2 displays a scatter plot of the data overlaid
with the Wilcoxon, HBR, and LMS fits. The estimated coefficients for these fits are in
Table 1. As shown, the Wilcoxon fit is quite good in fitting the curvature of the data. Its
estimates are close to the true values. On the other hand, the high breakdown fits are
quite poor. The LMS fit missed the curvature in the data. This is true too for the HBR
fit, although, the fit did correct itself somewhat from the poor LMS starting values. The
remaining panels of Figure 2 contain the residual plots based on these three fits. Based
on the Wilcoxon residual plot, no further models would be considered. The HBR residual
plot shows as outliers the two points which were fitted poorly. It also has a mild linear
trend in it, which is not helpful since a linear term was fit. This is true for the LMS
residual plot, also; although, it gives an overall impression of the lack of a quadratic term
in the model. In such cases in practice, a higher degree polynomial may be fitted, which
in this case would be incorrect. Difficulties in reading residual plots from high breakdown

fits, as encountered here, were discussed in detail in McKean et al. (1993).



Figure 1 For the Stars Data, clockwise from the upper left corner: scatter plot of data
and fits; the Wilcoxon residual plot; the LMS residual plot; and the HBR residual plot.
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Figure 2 For the Quadratic Data, clockwise from the upper left corner: plot of data and
fits; the Wilcozon residual plot; the LMS residual plot; and the HBR residual plot.
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McKean, Naranjo and Sheather (1996a) recently proposed diagnostics based on both a
highly efficient robust estimator and a high breakdown estimator. These diagnostics can
expose outliers and /or clusters of outliers which are highly influential to a fit of the model.
They can also expose discrepancies due to curvature in the data. In a subsequent article,
McKean, Naranjo and Sheather (1996b) proposed a model exploratory procedure based on

these diagnostics. This procedure is a powerful exploratory tool for model criticism.

4 Breakdown

Let Z = {z;} = {(zs,v:)}, i = 1,...,n denote the original sample of data points and | - |
the Euclidean norm. Define the breakdown point (see page 98 of Hampel et al., 1986), of

the estimator at sample Z as

* (A m A A
(B, Z) = max {g;s;p Bz - 4(Z)| < oo}
where the supremum is taken over all samples Z' that can result from replacing m obser-
vations in Z by arbitrary values.

We now state conditions under which the HBR estimate remains bounded.

Lemma 1 Suppose there exist finite constants My > 0 and My > 0 such that the following
conditions hold:
(B1) inf|ﬂ|=1 sup;;{bij(z; — x;)'B} = Mi.
(B2) supy;{bijly; — yil} = Ma.
Then
Brsrl < Mi [1 + 2(3)] Mo.

1

Proof:

S
=
Vv

sup{bijly; — yi — (x; — x:)'B|} > |B| M1 — M
ij

- o)
2

whenever 8| > 3= [142(3)] Ma. Since D(0) = 33, bijly; — vil < (3) M2 and D(B)

is a convex function of 83, it follows that /3 mpr = argminD () satisfies

~ 1 n
|Busr| < M, [1 +2<2)] M.

The lemma follows.

10



For our result, we need to further assume that the differences of the rows of Z are
in general position; see Croux et al. (1994) for a discussion. This implies that Z is in
general position, i.e. any subset of (p + 1) rows of Z determines a unique solution 3. In
particular, this implies that neither all of the x;s are the same nor are all of the y;s are the
same; hence, provided the weights have not broken down, this implies that both constants

M; and M, of Lemma 1 are positive.

Theorem 4.1 Let ii, S, and Bo be the initial estimates of location, covariance, and fit
that are used to calculate the weights ( 2.5). Let € (fi, Z), €(S, Z), and € (B, Z) be the
respective breakdown points at sample Z. If the difference of the rows of Z are in genearl

position, then the breakdown point of the HBR estimator is

6:(IBAHBIEZ) = min{e:(BO,Z), EZ(ﬁaz)a 6:(57 Z)7 1/2}

Proof: Corrupt m points in the data set Z and let Z' be the sample consisting of these
corrupt points and the remaining n — m points. Assume that the differences of the rows
of Z' are in general position. Assume without loss of generality that (Z'), S(Z') and
Bo(Z') have not broken down. Then the constants M; and M, of Lemma 1 are positive
and finite . Hence, by Lemma 1, ||8,51(Z")|| < oo and the theorem follows.

Based on this last result, the HBR-estimate has 50% breakdown provided the initial
estimates g, S and ﬁo all have 50% breakdown. Examples of 50% breakdown estimates
for g and S are the MVE estimates of location and covariance discussed in Section 6; see
Rousseeuw and Leroy (1987). For initial estimates of the regression coefficients, we again
assume that the differences in the rows of Z are in general position, and that the LTS-
estimates and the LMS-estimates have 50% breakdown; see Rousseeuw and Leroy (1987).
Also, Hossjer (1994) proposed a rank-based 50% breakdown estimate. The HBR-estimates
used for the examples discussed in Section 6 employ the MVE estimates of location and

covariance and the LMS-estimate of the regression coefficients.

5 Asymptotic Normality

By the equivariance properties discuss in Section 2 for the estimate 3 HBR, W€ can assume
without loss of generality in this section that the true 8 = 0. Let v;; = B;;(0)/E(bi;),
where B;;(t) = E[bi;1(0 < y; —y; < t)] and I(-) is the indicator function. Consider the

symmetric n X n matrix A, = [a;;] with off-diagonal element a;; = —7;;b;;, ¢ < j and

11



ith diagonal element a;; = Y-, _; vikbik- Let Cpn = X' A X. Let U; = (1/n) 37, (x; —
z;) E(bijsgn(y; — yi)|yi). Assume that

(N1) there exists a p x p matrix C such that (1/n2)C, % C.

(N2) there exists a p x p matrix X such that (1/n) >, Var(U;) = X.
The following theorem gives the asymptotic distribution of ,@ HBR- Its proof is in the

appendix.

Theorem 5.1 Under assumptions (N1) and (N2) plus assumptions (A1)-(A6) in the ap-
pendiz, we have

VaBupr - B) -5 N(0, (1/4)C7'=C™).

It can be shown that C,, = EK]- vijbij(@j — ;) (x; —2;)". The following lemma shows
another representation of the limiting matrix C, and will be useful in deriving the influence
function. Let g;; (B,) = b(;, x;,Yi, yj,BO) denote the weights as a function of the initial
estimator. Let g;;(0) = b(x;,;,y;,y;) denote the weight function evaluated at the true

value 8 = 0.

Lemma 2

11

E iﬁZZ/OOb(xi,xj,yi,yj)ﬁ(yj)dyj(xj —x;)(x; —x;)' | — C. (5.1)

i=1 j=1""

Proof: By (4) of the Appendix,
1 11 -, ,
E ﬁcn o2 ZZBij(O)(Xj —x;)(xj — x;)
i=1 j=1

where B;;(t) is defined by (3) of the Appendix, and B;;(t) is given in Lemma 3. Since
B;;(0) is uniformly bounded over all 4 and 5, and the matrix (1/n*) }°; >0 (x5 —xq) (x—%;)'
converges to a positive definite matrix, then the left hand side of ( 5.1) also converges. By

Lemmas 3 and 5, we have

Bj;(0) :/b(xi=xj’yj’yj)f2(yj)dyj +o(1) (5.2)

where the remainder term is uniformly small over all ¢ and j. The result follows.

Note that Theorem 5.1 requires Assumption (A.5) of the Appendix; i.e, the initial
estimate of regression coefficients are /n consistent. Technically, then, when we want
both asymptotic normality and high breakdown of the HBR estimate, we should use an
estimate such as the LTS estimate which is v/n consistent. In practice, though, the LMS

12



estimate is readily available and less expensive (time-wise) to compute than the LMS
estimate. So for the examples of Section 3 and the Monte Carlo results of Section 8.3, we
used LMS as the initial estimates for the weights. For the stability study we investigated
the behavior of both LTS and LMS as the initial estimates for the weights, (the difference
was slight).

5.1 Standard Errors and Studentized Residuals
5.1.1 Standard Errors

Using the asymptotic distribution of the HBR estimate as a guideline and upon substitut-
ing the estimated weights for the true weights we can estimate the asymptotic standard
errors for these estimates. The asymptotic variance-covariance of B is a function of the
two matrices X and C. The matrix 3 is the variance-covariance matrix of the random
vector U;. We can approximate U; by the expression,

n

.= 305y~ (1 ~ 26, (E). (53)

where /51']' are the estimated weights, €; are the HBR residuals and Fj, is the empirical dis-

tribution function of the residuals. The sample variance-covariance matrix of Uy,..., U,
is an estimate of 3. Call this estimate 3.

Note that the matrix C is the limit of n=2X'A, X. Consider the results found in

Lemma 2. Upon substituting the estimated weights for the weights, expression ( 5.2)

simplifies to
1

V127’

where 7 is defined in expression ( 2.4). A consistent estimate of 7 based on residuals is

Bz{j 0) = /b\z'j /f2 (t)dt = Eij (5.4)

presented in Koul, Sievers and McKean (1987). Call this estimate 7. Substituting 7 for 7

in expression ( 5.4), we have as an estimate of the (7, j)th entry of the matrix A,,

aij = —bi; [(V127) . (5.5)
Using these estimates of A, and X, estimates of the standard errors of Bj: i=1..,p

are obtained.

13



5.1.2 Estimate of the Intercept

In practice an estimate of the intercept parameter « is needed. We will estimate a by the

median of the residuals, i.e.,

Without loss of generality, assume that the true median of e is 0. Because \/ﬁ,@ HBR 18
bounded in probability and X is centered, it follows, using an argument very similar to
the corresponding result for the R estimates (see McKean et al., 1990), that the joint

asymptotic distribution of @ and 855 g is given by

a a 0 o’
N2a 3N N . )
BuBr B 0 0 (1/49c'zc!
where 7g is defined by
s = 1/(2f(0)) ; (5.8)

see Sheather and McKean (1987) for a discussion of estimation of 7s.

5.1.3 Studentized Residuals

An important use of robust residual is in detection of outliers. This is easiest done when
the residuals are correctly studentized by an estimate of their standard deviation. Let
B pr be the estimate of 8 and let @, ( 5.6), be the estimate of o. Denote the residual for
the ith case by
€ =y, —a-— x;’ﬁHBR ) (5.9)
and the vector of residuals by €*. Using Theorem 4.1 and ( 5.7), a first-order approximation
of the standard deviation of the residuals, €, can be obtained following the development
proposed by McKean, Sheather, and Hettmansperger (1990, 1993).
As briefly outlined in the Appendix, this development for the HBR residuals results in

the first order approximation given by

. 1
Var(e*) = o°I+72Hy+ ZX(X’A*X)‘IE(X'A*X)‘lX’ — 275k Hy

V127K {A*X(X'A* X)X + X(X'A*X)7TIX'AY), (5.10)

where o2 is the variance of e;, k1 = E[|e;|], k2 = Ele;(2F (e;) —1)], Hy = n~'11’, and A*

is defined above expression ( A.1.6) of the Appendix.

14



We recommend estimating o by M AD = 1.483med{le|}}; K1 by

~ 1 .
Ri=— CHE (5.11)
i=1
and k2 by
. 1< [RE) 1
H2zﬁz<n+zl_§ & (5-12)
=1

which is a consistent estimate of 2; see McKean et al. (1990). Replacing aj; by @;;, ( 5.5),
yields an estimate of the matrix A*. Estimation of X was discussed in Section 5.1.1. Let
V denote the estimate of Var(e*).
Let 8% denote the the ith diagonal entry of V. Define the Studentized residuals by
s
e = é i (5.13)
As in LS, these standard errors correct for both the underlying variance of the errors and

location. For flagging outliers, appropriate benchmarks for these residuals are £2; see

McKean et al. (1990, 1993) for discussion.

6 Influence Function

In order to derive the influence function, we start with the gradient equation S(8) = 0,

written out as

1 n n
0= D0 bijsen(e; — e) (x5 — %)

i=1 j=1
Note by Lemma 5, that b;; = ¢;;(0) + Op(1/+/n) so that the defining equation may be

written as

0= ni 3D gii(0)sgn(e; — e) (x5 — i) (6.1)

i=1 j=1
ignoring a remainder term of magnitude O,(1/y/n).
Influence functions are derived at the model where both x and y are stochastic; hence,
consider the linear model

y=x'B+e, (6.2)

where € has density f, x is a p X 1 random vector with density function m, and € and x
are independent. Let F' and M denote the corresponding distribution functions of € and
x. Let H and h denote the joint distribution function and density of y and x. It then
follows that

h(x,y) = f(y —x'B)m(x) . (6.3)

15



If we rewrite equation ( 6.1) using the Stieltjes integral notation of the empirical dis-

tribution of (x;,¥;), for i = 1,...,n, we see that the functional B(H) solves the equation

0= / / (31, X, 41, y2)sgn{yz — v — (2 — %1) BUH) } (ke — %1 )dH (x1, y)dH (%2, yz) -

Let I{a < b) =1 or 0, depending on whether a < b or a > b. Then using the fact that
the sign function is odd and the symmetry of the weight function in its x and y arguments

we can write the defining equation of the functional B(H) as
1
0= [ [ xabtor,xa,am, ) 102 =1 < e = 1) BCED) = 5| T Ge1 )aH )
Theorem 6.1 The influence function for the estimate ﬁ is given by

~ 1
2c0,30,8) = €75 [ [ (o = 3001, 30,01, 30)39n(00 — i} AP ()M (1) ;- (6:0)
where C is the matriz in Lemma 2.

Proof: Let do(x,y) denote the distribution function of the point mass at the point (xo, yo)
and consider the contaminated distribution Hy = (1 — t)H + td for 0 <t < 1. Let B(Hy)
denote the functional at H;. Then B(H;) satisfies

0= //le(XI;XZ;ylayZ) I(ys —y1 < (x2 — x1)'B(Hy)) — % dHy(x1,y1)dH; (x2,y2) -

(6.5)
We next implicitly differentiate ( 6.5) with respect to ¢ to obtain the derivative of the
functional. The value of this derivative at ¢ = 0 is the influence function. Without loss of
generality, we can assume that the true parameter 8 = 0. Under this assumption x and
y are independent. Substituting the value of H; into ( 6.5) and expanding we obtain the
four terms:

y14+(x2—x1)' B (Hy)
0 = (1 —t)2///X1 [/ b(x1,X2,y1,y2)dF (y2) — %] dM (x2)dM (x1)dF (y1)

—00

=0t [ [ [ [xiva s [16n = n < = x)'B8H) - 3] aMoa)aPu)ds )
+(1- t)t////xlb(X1,X2,y1,y2) [1(212 —y1 < (x2 —x1)'B(Hy)) — %] ddo(x2,y2)dM (x1)dF (y1)
+t2////xlb(X1,X2,y17y2) [I(y2 —y1 < (x2 —x1)'B(Hy)) — %] ddo (x2,y2)ddo (%1, Y1) -

Let B denote the derivative of the functional evaluted at 0. Proceeding to implicitly

differentiate this equation, evaluating the derivative at 0, and using the symmetry in the
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x arguments and y arguments of the function b, we can simplify this expression to
1 .
{5 ] [ [ = xm e, m) e = 1) 7o) bt o) br )

+//(X0 — x1)b(X1,Xo0,Y1,%0) [I(le <o) — %] dF (y1)dM (xy) .

Since z is stochastic, it is immediate that the matrix C in Lemma 2 is given by the
expression in the braces. Using the relationship between the indicator function and the

sign function we can rewrite this last expression as

0= —C,B + %//(xo — x1)b(x1,X0,Y1,Y0)sg0{yo — y1 } dF (y1)dM (x1) .

Solving for 3 leads to the desired result.
In order to show that the influence function correctly identifies the asymptotic distri-

bution of the estimator, define W; as

W; = / / (xi — x1)b(X1, X, Y1, Ys)sgn(ys — y1) dF (y1)dM (x1) . (6.6)

Next write W; in terms of a Stieltjes integral over the empirical distribution of (x;,y;) as

1 n
wi=- D (i = %5)b(%;, X, Y5, yi)sgn(yi — y5) - (6.7)

Jj=1

If we can show that (1/4/n) 2?21 wr 4N (0, X), then we are done. From the proof of
Theorem A.1.3 in the appendix, it will suffice to show that

% i(Ui -wH Bo, (6.8)

where U; = (1/n) 37, (xi — x;) E[bijsgn(yi — y;)|y:] - Writing the left hand side of 6.8 as
(1/n*/?) Z Z i — ;) {E [bijsen(yi — y;)yi] — 9;(0)sgn(ys —y;)}
i=1 j=1

where ¢;;(0) = b(x;,X;,y;,¥:), the proof is analogous to the proof of Theorem A.1.3.

6.1 Discussion

The influence function, (xg, yo, B), for the HBR estimate is a continuous function of xq
and yo. With a proper choice of a weight function it is bounded in both the x and Y spaces.
This is true for the weights given by ( 2.5); furthermore, for these weights Q(xo,yg,ﬁ)

goes to zero as xg and yo get large in any direction.
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The influence function Q(xo, yo, B ) is a generalization of the influence functions for the
Wilcoxon and GR estimates. If the weights depend only on x then €(xo, yo, B) reduces to
the influence function of the GR estimate discussed in Witt, McKean and Naranjo (1995).
Further, if the weights are set at 1 then €(xq, yo, B) simplifies to the influence function of
Wilcoxon estimate given by

1

Q(XO:QO;BWﬂ) = E;VIXO [F(ZUO) - 5] ; (6.9)

see Witt et al. (1995). Figure 3 shows the influence function of the HBR estimate for
the special case where (x,Y’) has a bivariate normal distribution with mean 0 and the
identity matrix as the variance-covariance matrix. For this plot we used the weights given
by ( 2.5) where m; = 1(b/z?) with the constants b = ¢ = 4. For comparison purposes, the
influence functions of the Wilcoxon and GR estimates are also shown in the figure. The
Wilcoxon influence function is bounded in the Y space but is unbounded in the x space
while the GR estimate is bounded in both spaces. Note because the weights of the GR
estimate do not depend on Y, it does not taper to 0 as yg — oo as the influence function
of the HBR estimate does. For all three plots, we used the method of Monte Carlo, (10000
simulations for each of 1600 grid points), to perform the numerical integration. The plot
of the Wilcoxon influence function is an easily verifiable check on the Monte Carlo because
of its closed form, ( 6.9).

Many high breakdown estimates have unbounded influence functions. Such estimates
can have instability problems, as discussed in Sheather et al. (1996) in the case of the
LMS estimate which has unbounded influence in the x space at the quantiles of Y. The
generalized S estimators discussed in Croux et al. (1994) also have unbounded influence
functions in the x space at particular values of Y. In contrast, the influence function of
the HBR estimate is bounded everywhere. This helps explain its more stable behavior

than the LMS in the stability study discussed in Section 7.

7 Stability Study

To obtain its full 50% breakdown, the HBR estimates require initial estimates with 50%
breakdown. We have discussed the LMS or the LTS as possible candidates. Hettmansper-
ger and Sheather (1992, 1993) showed that slight changes to centrally located data can
cause the LMS estimate to change by a large amount. This instability of the LMS was
verified in a simulation study by Sheather, McKean and Hettmansperger (1997). Hence,
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Figure 3b: Influence functions for the Wilcoxon estimate.
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Figure 3c: Influence functions for the GR estimate.
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the instability of the HBR estimates using LMS starts needs to be investigated. Since we
have also discussed the LTS estimate as a possible starting value we also included it in our
study.

We chose the simple linear model given by
yi =Po+zif+ei,

where both the errors ey,...,e, and the predictors z1,...,z, are iid N(0,1) and the
predictors and errors are independent of one another. Since instability is a central data
issue, the light tailed normals seem appropriate for the predictors. For the simulation we
took By = 1 = 0 and set the sample size at n = 30.

As procedures, we selected LS, Wilcoxon, GR, HBR(with LMS starts), HBR(with
LTS starts), LMS, and the LTS estimators. We used the exact algorithm developed in
Stromberg (1993) to compute the LMS estimates. We used the feasible solution algorithm
of Hawkins (1994) to compute the LTS estimates; although not exact, we did use the
settings suggested by Hawkins so that the global optimum is attained with high probability.
We measured instability by the effect that changes in z; had on the estimate of 8; for each
of the procedures. We selected four changes: z; + .1 and z; + .2. Since the standard
deviation of z; is 1 these changes move z; by one- and two-tenths of a standard deviation,
respectively. For each estimate, we recorded the maximum of these 4 changes over all 30
data points, z;. The LS standard deviation of Bl is a useful yard stick with which to
measure these maximum values against. Since the sample variance of z; converges to 1,
a.s., this standard deviation is about 1/4/30 = .18.

Our study consisted of 200 simulations of the above model. Both errors and predictors
were simulated. Comparison boxplots of the 200 maximum changes for each estimator
appear in Figure 4, while the five basic summary statistics, (extremes, quartiles, and
medians), of these maximums for each estimator are displayed in Table 2. Note that the
maximum for the LMS estimate is close to 10 standard deviations of the LS estimate of
B1- The median of these maximum values for the LMS estimate is .166 which is close
to one standard deviation of the LS estimate of 3. So in half the data sets, the LMS
estimate of slope changed by at least 1 standard deviation of the LS estimate of 8;. The
LTS estimate was a little more stable than the LMS. The maximum change for the LTS
was 1.43 compared to 1.71 for the LMS. Based on the third quartile of the maximums of
the LTS estimates, in 25% of the cases did the LTS estimate of slope changed by at least
1 standard deviation of the LS estimate of ;.
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Figure 4 Stability Study: Comparison boxplots of the maximum values for the 200
simulations: Upper Panel, all 7 Estimators; Lower Panel, all but LMS and LTS.
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Table 2: Descriptive Statistics for the 200 Mazximums for Each Procedure

First Third
Estimator Min. Quartile Median Quartile Max.
LS .007 .013 .016 .022 .041
Wilcoxon .003 .013 .021 .029 .093
GR .004 .024 .033 .053 .258
HBR(LMS) | .003 .018 .030 .056 .465
HBR(LTS) | .001 .015 .026 .042 .380
LMS .000 .050 .166 .366 1.711
LTS .004 .012 .053 170 1.43

It is clear that the LMS and LTS estimates are more unstable than the other estimators.
To clarify the comparisons of the other procedures, comparison boxplots of the maximums
for them appear in Figure 4. It seems that the HBR(LTS) estimate was slightly more
stable than the HBR(LMS) but actually it is hard on the basis of these results to separate
the stability behavior of the HBR(LMS), HBR(LTS), and GR estimates. For example, the
HBR(LMS) estimate appears slightly more unstable than the GR estimate; although the
median of its maximum values is slightly less than that of the GR. Note that the HBR
estimates are more stable than their corresponding starting values. The Wilcoxon and LS
estimates are more stable than the bounded influence estimates.

It appears on the basis of this study that the stability of the HBR estimator is not
unduly influenced by the instability of its corresponding initial estimates, the LMS or the
LTS. Its stability is much closer to that of the GR estimate.

8 Monte Carlo Study

One could presumably investigate the asymptotic variance-covariance matrix of E HBR O
determine asymptotic relative efficiencies, (AREs). Note, however, that this expression is
rather complicated. The matrix C is the derivative of an expectation involving the errors
and the weight function while the matrix ¥ involves a conditional expectation of the weight
function and the errors. Since this seems intractable, in this section we instead discuss the
results of a small Monte Carlo study. The main purposes of this study is to see if the HBR
estimates recover the loss in efficiency which GR estimates lose to the Wilcoxon estimates.

This is discussed in Section 8.1 (over different severity of contamination in factor space)
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Table 8.1: Empirical AREs of the GR, HBR, and LMS Estimates Relative to the Wilcoxon
Estimates over the Laplace Situations.
Estimator | Uniform CN(.15,16) CN(.15,64) CN(.25,100)

GR .948 .525 .222 181
HBR 1.06 765 .523 318
LMS 413 .254 131 110

and Section 8.2. Also, we were interested in the efficiency comparisons between the
HBR estimate and the LMS estimate, the initial regression estimate used in the weight
function. We selected the LMS estimate because it is one of the most widely used high
breakdown estimates and, further, in comparison to the LTS estimate it is relatively faster
to compute (one-half the time). A second purpose is to compare the empirical ARE’s of
several competing estimators, which is discussed in Section 8.3.

For all but the two situations discussed in Section 8.2, the model simulated is:
Yi=pB0+pizi+e, i=1,...,30. (8.1)

For all situations but those in Section 8.2, we set 89 = 81 = 0. As discussed below we
selected various distributions for the random errors and the xs. We compare the estimators
in terms of their empirical mean square errors (MSE) from the true slope parameter. We
will call ratios of these MSEs, empirical asymptotic relative efficiencies (AREs). For each

situation, 1000 simulations were run.

8.1 Comparisons over Severity of Factor Space Contamination

For this part of the study we simulated the basic model, ( 8.1) using the Laplace distribu-
tion (density f(t) = 27! exp{—|t|/2}) to generate the random errors. We simulated four
distributions for the zs: uniform(0,1), CN(.15,16), CN(.15,64) and CN(.25,100); where,
CN(e,0?%) means a contaminated normal distribution with € proportion of contamination
and o as the ratio of standard deviations between the contaminated and non contaminated
parts. This sequence of distributions of x increase in terms of severity of contamination. In
Table 8.1, we present the AREs (based on MSE), of the GR and HBR estimates relative
to the Wilcoxon estimates for these situations.

Note that, though, the HBR estimates lose efficiency as the severity of contamination

in factor space increases, the loss is much less than that of the GR estimates. Hence, the

25



Table 8.2: Empirical AREs of the GR, HBR, and LMS to Wilcoxon for the Situations of
Section 8.2.

Estimator | Model ( 3.2) Stars Type Data

GR 201 5.10
HBR .684 1.78
LMS 701 1.44

HBR estimates have recovered some of the efficiency lost by the GR estimates. Note, also,
that the LMS estimates are quite inefficient; hence, for these situations the HBR estimates

recovered efficiency from inefficient starting values.

8.2 Models of Section 3

In Section 3, two examples were discussed which differentiated between highly efficient and
high breakdown estimates. In this section, we present the results of a simulation study
on models similar to these examples. Our first model, here, is Model ( 3.2) of Example
2. We ran 1000 simulations of this model. The first column of Table 8.2 displays the
AREs relative to the Wilcoxon estimates for this situation. This is a linear model and the
AREs are based on the MSEs from the true parameters. We only tabled the result for the
quadratic term. The HBR estimate was three times as efficient as the GR estimate over
this situation.

The second situation resembles the Stars Data, Example 1. As our base model we
chose Model ( 8.1) with uniform (0,1) zs and normal, N(0,1), errors. Observations 5-30
followed this model with the true slope parameter 81 = 0. For the first four cases, we set
1 = 2.9, 12 = 2.8, xz3 = 2.7 and z4 = 2.6. At these four observations, we set f; = 2.
We measured the MSE of an estimator in terms of its squared distance from 0 the value
of the slope parameter at observations 5-30. The last column of Table 8.2 displays the
empirical AREs of the GR, HBR and LMS estimates relative to the Wilcoxon estimate.
While all three high breakdown estimates performed better than the Wilcoxon, clearly the
GR estimate performed best. Note that the HBR estimate did gain efficiency over the

poorer performing initial (LMS) estimates.
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8.3 Comparison with Other Estimators

Besides, the GR, HBR and LMS high breakdown estimates, we included the GM estimate
of Simpson, Ruppert and Carroll (1992) in our comparison study. This GM estimate is a
k-step weighted M estimate which uses Hampel’s redescending v function. We used LMS
starting values, the same weights, ( 3.1), as employed by the GR and HBR estimates, and
used 3 steps. The resulting estimate has 50% breakdown, is y/n consistent and should
recover efficiency over its initial estimate; see Simpson et al. (1992).

Besides the situations discussed in Sections 8.1 and 8.2, we looked at normal and
Cauchy distributed errors. For these, we selected uniform (0,1) and C'N(.25,100) errors
for factor space. We used the Model ( 8.1) with the true regression parameters at 0, except
for the situations of Section 8.2. In all cases, 1000 simulations were run.

A summary of the results are displayed in Table 8.3. These are empirical AREs relative
to LS, based on the ratios of empirical MSEs. Excluding, the last two situations, except
for the Cauchy distribution, all the high breakdown estimates lose efficiency when the
uniform distribution in factor space is replaced by the contaminated normal distribution.
At the normal distribution, the loss is quite severe for all the high breakdown estimates.
Over these situations, the best high breakdown estimates are the HBR and GM estimates;
however, neither one dominates the other. For the last two situations, the GM estimate
performs worse than the LMS estimate or the HBR estimate on the quadratic model,

( 3.2), while it is clearly dominated by the GR estimate on the Stars Type Data.

9 Conclusion

The HBR estimate is a high breakdown (50%) rank-based estimate which is asymptotically
normal at rate /n. The asymptotic theory allows an inference based on the HBR estimates
to be established for the regression coefficients of the model. Also, Studentized residuals
can be formed as a useful diagnostic to detect outliers. The influence function of the HBR
estimate is continuous and bounded in (x,Y’) space and tapers to 0 in all directions. In
contrast to many recent high breakdown estimates it is bounded everywhere in the plane.

For the weighting scheme used in the examples, its robustness against an outlying
high-leverage cluster approaches that of the LMS, though not as severely (see Example 1,
Section 3). As such, it shares the problems of the LMS in fitting curvature (see Example
2, Section 3). However, unlike the LMS, the HBR is more stable against inliers (see
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Table 8.3: Empirical ARE of the Estimates Relative to the LS estimates. Ec means times
10¢.

Model estimator

Y X Wilcoxon GR  HBR GM LMS
N U 931 .889 N .948 .253
N CN(.25,100) .928 .146 221 273 .070
Lap. U 1.34 1.27  1.42 1.32 .554
Lap. CN(.15,16) 1.14 .598 .872 .876 .289
Lap. CN(.15,64) 1.13 .251 .591 .499 .148
Lap. CN(.25,100) 1.18 213 375 .450 .130
Cau. U 467 153 419 484 216
Cau. CN(.25,100) 9.1E3 4.6E3 11.E3 9.1E3 5.7E3
Model ( 3.2) .996 .200 .681 .539 .698
Stars Type Data 991 5.10 1.76 1.74 1.43

Section 7). This can be partially explained by the everywhere boundedness of the HBR
influence function whereas the LMS influence function is unbounded at the quartiles of Y.
In the study, the HBR is more stable against inliers than the LTS estimate also. In terms,
of an initial estimate for weights, the HBR estimate was perhaps slightly more stable with
the initial LTS estimate than the LMS estimate. In the Monte Carlo study, Section 8.3,
in almost all situations the HBR estimate did recover efficiency lost by the GR estimate
from the Wilcoxon estimate. Again in almost all situations, the HBR estimate was more
efficient than the initial LMS estimate.

One other advantage of the HBR over LMS is the ability to control the degree of
robustness by adjusting weight parameters. The weights allow varying robustness against
outlying y-values and high leverage points (outlying «). This allows for the development of
dynamic graphics in exploring fits by examining the effects of increasing level of robustness
on the fitted values and residuals. Also, as noted by one referee, we could reiterate the
HBR estimate by using it to reestimate the weights. The additional (time-wise) would be

minimal. This will be of interest in future studies.
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A.1 Appendix

Notation:

L. Wii(A) = (1/2)[sgn(z; — 2i) —sgn(y; — yi)], where z; = y; — i A//n.

2. ti;(A) = (x; — x;)'A//n.

3. Bij(t) = E[bj; I(0 < y; —y; < 1)

4. vij = Bi;(0)/E(bij)-

5. C, = ZKJ. vijbij(x; — x;)(x; — 2;)', a p X p matrix.

6. R(A) =n3/? [Ei<j bij(x; — ;)W (A) + CnA/\/ﬁ], a p x 1 vector.

Note that in Section 3 we used z; for the vector (x;,y;) but in the Appendix, we will
use z; for the ith residual. Also, the definitions 2, 3, and 4 are the same as in Section 4.
We have restated them for the benefit of the reader.

List of Assumptions:

(A1) b;; are continuous with respect to y; and y;, for all ¢ and j.

(A2) The error density f(-) is continuous and bounded.

(A3) There exists a positive definite matrix T such that (1/n)X'X — T.

(A4) ¥ (zir, — Tg)? /max; (i — Tp)? — 00, as n — oo, for all k.

(A5) /n(By — Bo) SN N(0,E), where 3, is the initial estimator, B, is the true
parameter value, and E is a positive definite matrix.

(A6) The weight function b;; = g(mi,mj,yi,yj,ﬁo) = g,-j(ﬁo) is continuous in the
argument and /g;; is bounded uniformly in 4, j.

It can be shown that the weights ( 2.5) satisfy assumption (A6). Without loss of

generality we will assume that the true 3, is 0.

Lemma 3 Under assumptions (A1) and (A2),

Bj;(t) Z/_Oo /_oo b(mi, s, y; + 6955 B0) s + 1) Fw) T1 Flr) dya---dyn

k#i,5

s continuous in t.

Proof: Follows from (A1), (A2) and an application of Leibnitz’s rule on differentiation of

definite integrals.
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Let A be arbitrary but fixed. Denote W;;(A) by W;;, suppressing dependence on A.

Lemma 4 Under assumptions (A1) and (A2), there exist constants |&;;| < |tij| such that
EbijWij) = —tij Bj;(&ij)-

Proof: Since W;; = 1, —1, or 0 according as t;; < y; —y; <0, 0 < y; —y; < t3, or

otherwise, we have

Eg (biWis) = /

ti;<y;—yi<0

bij fy (y) dy — / b fy (v) dy
0<y; —yi<is;

When tij > 0, E(b”WU) = —Bz'j(tz'j) = B“(O) - B,’j(tij) = —tz'j B;J (6“) by Lemma 3

and the Mean Value Theorem. The same result holds for ¢;; < 0, which proves the lemma.
Lemma 5 Under assumptions (A5) and (A6), we have

bij = 9ij(Bo) = 9i5(0) + [V 9:5(8)]' By = 9:5(0) + Op(1/v/n),
uniformly over all i and j, where £ is between f)o and 0.

Proof: Follows from a multivariate Mean Value Theorem (see e.g. Apostol, 1974, p.355),
and by (A5) and (A6).

Lemma 6 Under assumptions (A1)-(A6),
(1) E(9i(0)gix (0)W;;Wix) — 0, as n — oo
(it) E(9:;(0)W;;) — 0, as n — o0

uniformly over i and j.

Proof: Without loss of generality, let t;; > 0 and t;; > 0, where the indices ¢, j and k are
all different. Then

E(9:;(0)gix (0)Wi;Wix) = Elgsj9: (0 <y; —ys < ti;) I(0 < yp —yi < tir)]
Yitta  pyitti;
= ‘ / / / 9ii9ik fifjfr dyjdyrdy;

Assumptions (A3) and (A4) imply (1/n)max;(z;;, — Zx)? — 0 for all k, or equivalently
(1/+/n)max;|z;, — Tx| — 0 for all k, which implies that ¢;; — 0. Since the integrand is
bounded, this proves (i).

Similarly, E(g;; (0)Wi;) = [ fyy:”” gij fifidy;dy; — 0, which proves (ii).
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Lemma 7 Under assumptions (A1)-(A6)
(i) Cov(b12Wi2,b34Was) = o(n™?).
(i) Cov(biaWia,b3s) = o(n™1).

(ii) Cov(bi2Wi2,b13Wi3) = o(1).
(iv) Cov(b12Wi2,b13) = o(1).

Proof: To prove (i), recall that bis = g12(0) + [V912(€)]' - By. Thus
Cov(biaWi2,b34W34) = Couv(g12(0)Wia, g34(0)Wsy4)

+2 Cov([v912(€))' - Bo Wiz, g34(0)Ws)
+Cov([Vg12(8)] - Bo Wiz, [Vg34(E)]' - By Waa).

Let I, I and I3 denote the three terms on the right hand side. The term I; is 0, by

independence. Now,

I, = 2E {[V!hz(ﬁ)]l - By Wiz !]34(0)W34} - 2F {[Vglz(ﬁ)]' By le} E {g34(0)W34}

= Iy — Ip.
Write the first term above as

Iy = 21/m) B {[V912(€))" - By 934(0) (VWr2) (ViiWsa) }

The term [v7g12(£)]’ -,@0 = b12 — 912(0) is bounded and of magnitude o,(1). If we can show
that /nWi, is integrable, then it follows using standard arguments that Iy = o(1/n).
Let F™* denote the cdf of yo — y; and f* denote its pdf. Using the mean value theorem,

E[V/nWis(A)] = +/n(1/2)E[sgn(ys — y1 — (22 — x1)")A/y/n) — sgn(y2 — y1)]
= Vn(1/2)[2F*(—(z2 — ®1)")A/v/n) — 2F*(0)]
= —Vnf ) (@2 —x1))A/Vn < f*(€)|(z2 — 1) A

which is bounded. This proves that Io; = o(1/n). Similarly,
Iy =2(1/n)E {[ng(&)]' B (\/ﬁWw)} E {g34(0)(v/nW34)} = o(1/n),

which proves I = 0.
The term I3 can be shown to be o(n~!) similarly, which proves (i).

The proof of (ii) is analogous to (i).
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To prove (iii), note that

Couv(biaWiz,b13Wi3) = Cov(g12(0) Wiz, g13(0)Wi3)
+ 2 Cou([vg12(8)] - Bo Wiz, 913(0)Wi3)
+ Cov([V12(€)]' - Bo Wiz, [V913(€)] - Bo Wis).

The first term is o(1) by Lemma 6. The second and third terms are clearly o(1). This
proves (iii). Result (iv) is analogously proved.
We are now ready to state and prove asymptotic linearity. Consider the negative
gradient function
S(B)=-vD(B) =D bysgn(z; — z)(x; — z;). (A.11)
i<j
Theorem A.1.1 Assume (A2)-(A6) hold. Then
sup n~*2[S(B) - S(0)+2C,B] 0.
IvaBi<c
Proof: Write R(A) = [S(n"'/2A) — §(0) + 2n~1/2 C,A]. We will show that

sup R(A)=2 sup {n 32 ZZ bij(xz; — i) Wi (A) +n~2C,A 3 25 0.
I1A|<c I1A|<c i<j
It will suffice to show that each component converges to 0. Consider the kth component

2 ln‘w DD bilagn —wi) Wi (A) + 30> 7igbij (e — i) tia‘]

i<j i<j

Ri(A)

= 2p73/2 Z Z(:Cjk - .’L‘ik)(bijWij + ’Yijtijbij)-

i<j

We will show that E(Rg(A)) — 0 and Var(Ri(A)) — 0. By Lemma 4 and the definition

of 7ij,
E(Ry) = 2n7%2Y "% (aj — wa) [B(biyWe) + vistss B(bij)]
i<j
= 2p73/2 Z Z(Hfjk - -"Cz'k)tij [ng (0) - Béj (fij)]
i<j
1/2 1/2
< 2 n=3/2 [Z Z(xjk - :L‘ik)2] [Z Z t?j] S_UJP |le'j (0) — B;j (fz])|
i<j i<j b

1/2 1/2
2 |:(1/”2)22(xjk_$ik)2] [(UMZZ%} s?}:)le{j(O)_Béj(Eij” —0

i<j i<j
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since (1/n) 323, ;t; = (1/n)A’X'XA = O(1) and sup; ;|Bj;(0) — Bj;(&;)| — 0 by
Lemma 3.

Next, we will show that Var(Rg) — 0

Var(Re) = Var (20723 "> (@, — i) (bisWij + vistijhis)

i<j

n n
Var |2n3/? Z Z(Z’jk — fk)(bijWij + %’jt,’jbi]‘)
i=1 j=1

= 4np73 Z Z(.’L‘jk - Ek)ZVar(bijW,-j + ’Yijt,'jbij)
=1 j=1

n=? Z Z Z Z .73319 - mk iL‘mk - -'L"k)CO’U(b”W” + ’Yz]tngua by Wim + 'Ylmtlmblm)
(4,3)#(l,m)

The double sum term above goes to 0, since there there n? bounded terms in the double
sum, multiplied by n 3. There are two types of covariance terms in the quadruple sum,
covariance terms with all four indices different, e.g. ((4,7), (I, m)) = ((1,2),(3,4)), and
covariance terms with one index of the first pair equal to one index of the second pair, e.g.
((i,7),(I,m)) = ((1,2), (1,3)). Since there are of magnitude n* terms with all four indices
different, we need to show that each covariance term is o(n=!). This immediately follows
from Lemma 7. Finally there are of magnitude n® covariance terms with one shared index,
and we need to show each term is o(1). Again, this immediately follows from Lemma 7.
The theorem is proved.

Now, let

Q(B) =D(0) = Y > bijsgn(y; — vi)(x; — z:)'B + B'CnfB

i<j
D*(A) =n"'D(n 2A)
Q*(A) =n~'Q(n~'/?A).

Note that minimizing D*(A) and Q*(A) is equivalent to minimizing D(n~'/?A) and
Q(n~'/2A), respectively.

Theorem A.1.2 Assume (A1)-(A6) hold. Then for a fized constant C and for any € > 0,

P < sup |Q*(A) — D*(A)] > e> - 0.
1A|<c
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Proof: Since ‘;%* — ‘ZIZ = 2n—3/2 [E Ez’<j bij(x; — @) Wij + Cn(”_1/2A)] = R(A), it
follows from Theorem A.1.1 that for € >0 and C > 0,

o 6D*

P sup | ||> e/C) — 0.
<||A||<o oA

For0<t<1,let A; =t A. Then

oQ* oD*
‘ @A) - ZAk 0Ay 3Atk)
8Q* (9D*
< 1A sup || 5 A A <Al (e/C) <
A <c

with probability approaching 1. Now, let h(t) = Q*(A¢) — D*(A;). By the previous result,
we have |h/(t)| < € with high probability. Thus

1 1
/h’(t) dt‘g/ (1)) dt < e,
0 0

with probability approaching one. This proves the theorem.

Ih(D)] = |r(1) = h(0)] =

The next theorem states asymptotic normality of S(0).
Theorem A.1.3 Under assumptions (A1)-(A6), we have
n3/28(0) ~ AN(0, ).

Proof: Let Sp denote the projection of $*(0) = n~3/28(0) onto the space of linear

combinations of independent random variables. Then

SP=ZE[S* Nye] = ZE n 223N @y — @a)bijsgn(y; — i) lyk

i<j
ko1 "
_ Zn—sm (i — @) Elbusgnlue = ylusl + 3 (@5 = @4) Elbijsen(y; — yu)lul
=1 =kl
= 325" S (a; — @) Elbigsen(y; — yi)lys]
k=1 j=1
k=1

where Uy, is defined in Section 5. By assumption (N2) and a multivariate extension of
the Lindeberg-Feller theorem (Rao, 1973), it follows that Sp ~ AN(0, X). If we show
that E || Sp — S*(0) ||>— 0, then it follows from the Projection theorem that S$*(0) has

the same asymptotic distribution as Sp, and the proof will be done. Equivalently, we may
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show that E(Sp, — S}(0))? — 0 for each component r = 1,...,p. Since for each r we

have E(Sp, — S;(0)) = 0, then

B(Sp, — S2(0)) = Var(Sp, — S:(0))

= Var |n=3/? Z Z Tjr — Trr) { E[brjsen(y; — yr)|yr] — brjsen(y; — yr)}
L k=1 j=1
= Var |n 3/ Z ZT(yj,yk)
L k=1 j=1
= Y Var@lysye) + 070 YD DY CoulT(ys,ue), Ty, ym))
k=1 j=1 k j I m

where the quadruple sum is taken over (j, k) # (I,m). The double sum term goes to 0 since
there are n2 bounded terms divided by n®. There are two types of covariance terms in the
quadruple sum: terms with four different indices , and terms with three different indices
(i.e., one shared index). Covariance terms with four different indices are zero (this can
be shown by writing out the covariance in terms of expectations, and using symmetry to
show that each covariance term is zero). Thus we only need to consider covariance terms
with three different indices and show that the sum goes to 0. Letting k£ be the shared
index (without loss of generality), and noting that E T'(y;,yx) = 0 for all j, k, we have

n YN Y CoulT(ys,ur), Ty yw)]

k jZklF£k,j
= n Y 3N E{T(vsue) - Ty yw)}
k  jFk lI#£k,j
= 033 3" E{[E(bksenly; — ye)lyw) — bissen(y; — yx)]
k jF£klZk,j

- [E(brisgn(yr — yr)|yr) — brsgn(yr — ye)]}
= Y3 > EA{[Egr(0) sen(y; — yr)lye) — 9;(0) sen(y; — u)]

k jZklFk,j
- [E(gri(0) sgn(yr — yi)lyx) — gri(0) sgn(y; — yx)]} + 0p(1)

where the last equality follows from the relation by; = gx;(0) + 0,(1/+/n). Expanding the
product, each term in the triple sum may be written as
E {[E(gkj (0) sgn(y; — yk)lyk)]z} + E {gk;(0) sgn(y; — yx)gri(0) sgn(y — yx)}
—2 E{g;(0) sgn(y; — yr) [E(gr: (0) sgn(y: — yx)lyx)]}

= (1+1-2) {[B(g15(0) seny; — yo)l))* } =0
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where the first equality follows by taking conditional expectations with respect to k inside
appropriate terms.

A similar method applies to terms where & is not the shared index. The theorem is
proved.

Proof of Theorem 5.1:

Let B denote the value which minimizes Q(8). Then A is the solution to

0=5(0) - 2C,.8

so that /nB = (1/2)n2C;;'[n=3/28(0)] ~ AN(0,(1/4) C~'=C™'), by Theorem A.1.3
and Assumption (N1). It remains to show that \/n(8 — 8) = 0p(1). This follows from
Theorem A.1.2 and convexity of D(8), using standard arguments as in Jaeckel (1972).
The theorem is proved.
Studentized Residuals:

Assume without loss of generality that &« = 0, 8 = 0, and med e; = 0. In this section
we must further assume that the variance of e; is finite, i.e., 62 < co. From the above

proof of Theorem 5.1, asymptotically ,B can be expressed as
\/ﬁﬁzl(n_zX'A X)_ILiU +0,(1) (A1.2)
2 n Jn 2 ktopll), -1

where Uy, is given in the first paragraph of Section 5. In this section, we will assume
the weights b;; are given. We use the approximation ( 5.3) in place of Uy, with af; =

bi;/(v/127), see ( 5.5). Hence, Uy, is replaced by,

- \/:ET D0 —xk)ag; (1 — 2F (ex)) - (A.1.3)

=1

U; =
The estimate of « given by ( 5.6) can be expressed asymptotically as
n
a =rgn /2 Z sgn(e;) + op(1) ; (A.14)
i=1

see McKean et al. (1990). Using ( A.1.2) and ( A.1.4) we have the following first order

expression for the residuals €}, ( 5.9),

~% - ]- - ]- —2 1 A% -1 1 - *
e —e—TSE;sgn(ei)l—mX(n X'A*X) %;Uk, (A.1.5)

where A* = [a};]. Because E[Uj] = 0 and mede; = 0, taking expectations of both sides
of ( A.1.5) leads to
E[e*] = Elei]1 . (A.1.6)
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Write
Var(e*) = E[(e* — Ele1]1)(e* — E[e1]1)'] . (A.1.7)

The approximate variance-covariance matrix of €* can then be obtained by subtituting
the right side of expression ( A.1.5) for €* in expression ( A.1.7) and then expanding and
taking expectations term-by-term. This is a tedious derivation, but by making use of
E[U;] =0, mede; =0, 3°2; x; =0, and 377, aj; = 377, a}; = 0 we obtain expression
( 5.10) of Section 5.
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